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Abstract 
The four-current  densi ty J~t was first decomposed into convection current paxt and spin 
current  part, respectively. We then demons t ra te  that  the convection current density and 
spin current  density are independent ly  conserved. 

It is well known that the four-current density (charge-current density) juof 
a free relativistic electron can be decomposed into two parts by Gordon de- 
composition: the convection part and the spin par t  It is the purpose of this 
note to show that the convection current density and spin current density are 
independently conserved 

The four-current density Ju is given by iec~7u ~, and it can be split into two 
parts (Sakurai, 1967): 

:- =/0)+/(2) 

where 

/(1)= ieh (3~ ~ - ~  ~ t, 
2mo bx u 3x u ] 

2too \3xv _ _ ~  e v 

here and hereafter we follow Sakurai's notation. 

In terms of matrices e and ~3, which relate to the gamma matrices by 

7k = - i~ak ,  74 = ~, k = 1 ,2 ,3  
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](I) and j(2) becomes 

]~1)+](2) ieh [ + O~ 
p = - 2 m o c  2 / qJ ~-~- 

and 

T, L. CHOW 

~ + ) ieh + 
ic - - -  3t /3~ + 2 - ~ o  e (~ { / e . V ~ - V ~  ~) 

j - 2m ° (~+fiV¢ - V¢+fl¢) + curl (¢+afl¢) + --c~- ¢+ 

where p and j are the charge density and current density, respectively. The first 
term on the right-hand side of either p or j is due to the convection current, 
and it differs from the corresponding Klein-Gordon expression by the presence 
of the factor ~: 

pcon- ieh ( ~ + ~  3~+ t) ) 
2rno c2 ~t ~ ~ 

ieh 
j c o .  = _ _ _  ( ¢ + t 3 V ~  - V 6 + t 3 ~ )  

2mo 

The other two terms on the fight-hand side of either p orj are due to spin 
contribution: 

pspin = iefi (~+~a.V~ - T¢  +.afi~) 
2moc 

jspin = C curl 6+0¢~ e ~-  4;+afi 

According to classical electrodynamics, the magnetization current density 
of a magnetization vector (magnetic dipole moment density) M is c (curl M) 
(Panofsky et al., 1962), hence the quantity (eh/2moc)J/+a~¢ in the first term 
ofj  spin is the magnetic dipole moment density M of the electron. Again, 
according to classical electrodynamics, the polarization current of a polariz- 
ation vector (electric dipole moment density) P is (I/c) (3P/Ot). Hence, the 
second te rm ofj  spin is the polarization current associated with the electric 
dipole moment density P [= (efi/2moi)$+~e6] of the electron. In terms of M 
and P, jspin can be written 

1 3P 
jspin = icon + c(curl M) + 

where 

2me c 

eh 
p = - -  ~ + ~  

2moi 

e 3t 
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It is of interest to note that one can demonstrate directly the spin magnetic 
moment of the electron. As M is the magnetic dipole moment density, the total 
magnetic dipole moment of the electron is therefore given by 

eh 
M aT = 2moZf 

and the average value of/3 is x/[ 1 - (v2/c2)] (Chow, in preparation). Thus, the 
spin magnetic moment of a relativistic free electron is e~/2mc, where m is the 
Lorentz mass. 

Finally, it is easy to show thatp e°n and jcon, or pspin and jspin are independ- 
ently conserved. Taking the time derivative o fp  c°n, we obtain 

ap c°n ie/l (~+~32t~ a2~+ t~ ) 

at 2mo c2 ~t = ~-~-~ 

With the help of the Klein-Gordon equation, the above equation reduces to 

Opt°n= ie'fi (t~+/3V2 ~ _V~+fl~ ) 

at 2rn 0 

It is not difficult to recognize that the right-hand side of the above equation is 
just equal to -d iv  (jcon). Thus, 

~pcon 
div (jcon) + ........... 0 

at 

Then as the total current density and charge density satisfy the conservation 
equation div (j) + ( a o / a t )  = 0, jspin and pspin are therefore independently 
conserved: 

• aasP in 
div(jSp'n) + ~" = 0 

at 
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